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. , BeUman and Zadeh
( ) .
, Bellman and Zadeh
, $=$ .
(Principle of Invariant Imbedding) . ,
$\lambda$ , ( 1
) , $\lambda=1$ , . , Bellman
and Zadeh $\neq$ .
Bellman and Zadeh .
2
, Bellman and Zadeh [3], \S 4, \S $5^{-}$ . , \S 5
.
( ) , $N$ ,
$x_{0}$ .






Prob$(G^{N}|x_{N-1}, u_{N-1})=E \mu_{G^{N}}(x_{N})=\sum_{x_{N}}p(x_{N}|x_{N-1}, u_{N-1})\mu_{G^{N}}(x_{N})$ (1)
. , $E$ , $\mu_{G^{N}}$
.
, $E\mu_{G^{N}}(x_{N})$
$E\mu_{G^{N}}(\cdot|x_{N-1}, u_{N-1})$ . , (1)
Cond. $Exp(G^{N}|x_{N-1}, u_{N-1})=E\mu_{G^{N}}(\cdot|x_{N-1}, u_{N-1})=\sum_{x_{N}}p(x_{N}|x_{N-1}, u_{N-1})\mu_{G^{N}}(x_{N})$ (2)
.
, (1) Prob$(G^{N}|x_{N-1}, u_{N-1})$ $x_{N-1},$ $u_{N-1}$ $E\mu_{G^{N}}(x_{N})$
. ( ) $\mu_{G^{N}}(x_{N})$
$x_{t+1}=f(x_{t}, u_{t})$ , $t=0,1,2,$ $\cdots$ (3)
$x_{N-1},$ $u_{N-1}$ . , $E\mu_{G^{N}}(x_{N})$
$\mu_{G^{N}}(x_{N})$ , (
) ( ) .
,
$\mu_{G^{N-\nu}}(x_{N-\nu})={\rm Max}(\mu_{N-\nu}(u_{N-\nu})\wedge\mu_{G^{N-\nu+I}}(x_{N-\nu+1}))u_{N-\nu}$ (4)
$x_{N-\nu+1}=f(x_{N-\nu}, u_{N-\nu})$ , $\nu=1,$ $\cdots,$ $N$ , (5)
$\mu_{G^{N-\nu}}(x_{N-\nu})=u_{N-\nu}Max(\mu_{N-\nu}(u_{N-\nu}), E\mu_{G^{N-\nu+1}}(x_{N-\nu+1}))$ (6)
$E \mu_{G^{N-\nu+1}}(x_{N-\nu+1})=\sum_{x_{N-\nu+1}}p(x_{N-\nu+1}|x_{N-\nu}, u_{N-\nu})\mu_{G^{N-\nu+1}}(x_{N-\nu+1})$ (7)
. , $\mu_{G^{N-\nu}}(x_{N-\nu})$ , $t=N-\nu+1$
$t=N-\nu$
. $\nu=1,2,$ $\cdots,$ $N$ .
, (6) $,(7)$
$\mu_{G^{N-\nu}}(x_{N-\nu})={\rm Max}[\mu_{N-\nu}(u_{N-\nu})\wedge E\mu_{G^{N-\nu+1}}(u_{N-\nu}|x_{N-\nu}, u_{N-\nu})]$ (8)
$E \mu_{G^{N-\nu+1}}(:|x_{N-\nu}, u_{N-\nu})=\sum_{x_{N-\nu+1}}p(x_{N-\nu+1}|x_{N-\nu}, u_{N-\nu})\mu_{G^{N-\nu+1}}(x_{N-\nu+1})$ (9)
. , [3, $PP$ . B154-B155] (8),(9)
([4, pp.153], $[6,$ $pp.172],$ $[7,$ $pp.235],$ $[8$ , pp.147] ).
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, :
Maximize $E$[ $\mu_{0}(u_{0})\wedge\mu_{1}(u_{1})\wedge\cdots$ A $\mu_{N-1}(u_{N-1})\wedge\mu_{G^{N}}(x_{N})$ ]
subject to $(i)_{n}x_{n+1}\sim p(\cdot|x_{n;}u_{n})$ $0\leq n\leq N-1$ (10)
$(ii)_{n}$ $u_{n}\in U$ $0\leq n\leq N-1$ .
. , $E$ , $p(x_{n+1}|x_{n}, u_{n})$ , $\pi=\{\pi_{0},$ $\pi_{1},$ $\ldots$ ,
$\pi_{N-1}\}$ , $x_{0}$ ( ) $U\cross X\cross U\cross X\cdots\cross U\cross X$
( ) . , $x_{N-\nu}$ :
$\mu_{G^{N-\nu}}(x_{N-\nu})={\rm Max} E[\mu_{N-\nu}(u_{N-\nu})\wedge\cdots\wedge\mu_{N-1}(u_{N-1})\wedge\mu_{G^{N}}(x_{N})$
$|(i)_{m},$ $(ii)_{m}$ $N-\nu\leq m\leq N-1$ ] (11)
. , , $\mu_{G^{N-\nu}}(x_{N-\nu})$
$\{\mu_{G^{N-\nu+1}}(x_{N-\nu+1})\}$ . ,
[5]. .
, , . ,
$x_{N-\nu}$ $[0,1]$ $\lambda$ :
$\mu_{G^{N-\nu}}(x_{N-\nu};\lambda)={\rm Max} E[\lambda\wedge\mu_{N-\nu}(u_{N-\nu})\wedge\cdots\wedge\mu_{N-1}(u_{N-1})\wedge\mu_{G^{N}}(x_{N})$
$|(i)_{m},$ $(\ddot{n})_{m}$ $N-\nu\leq m\leq N-1$ ] (12)
$1\leq\nu\leq N$




$\cross p(x_{N-\nu+1}|x_{N-\nu}, u_{N-\nu})$ (14)
$x_{N-\nu}\in X$ , $0\leq\lambda\leq 1$ $\nu=1,2,$ $\cdots,$ $N$
$\mu_{G^{N}}(x_{N};\lambda)=\lambda\wedge\mu_{G^{N}}(x_{N})$ $x_{N}\in X$ , $0\leq\lambda\leq 1$ . (15)
, (14) $u_{N-\nu}$ ( ) $\tilde{\pi}_{N-\nu}(x_{N-\nu}; \lambda)$ .
$\tilde{\pi}=\{\tilde{\pi}_{0},\tilde{\pi}_{1}, \ldots,\tilde{\pi}_{N-1}\}$ (12),(13) . ,
1 $\mu_{G^{N-\nu}}(x_{N-\nu})$ 2 $\mu_{G^{N-\nu}}(x_{N-\nu}; \lambda)$ .
, :
$\mu_{G^{N-\nu}}(x_{N-\nu};\lambda)\neq\lambda\wedge\mu_{G^{N-\nu}}(x_{N-\nu})$ $\nu=1,2,$ $\cdots,$ $N-1$ . (16)




$|(i)_{m},$ $(ii)_{m}$ $N-\nu\leq m\leq N-1$ ] (18)
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, (17) . , $\mu_{G^{0}}(x_{0})$ $\lambda$
$\hat{\lambda}(\leq 1)$ $\mu_{G^{0}}(x_{0};\hat{\lambda})$ :
$\mu_{G^{0}}(x_{0})=\mu_{G^{0}}(x_{0};\hat{\lambda})$ . (19)




2 Be man and Zadeh (4),(5):
$\mu_{G^{N-\nu}}(x_{N-\nu})=\underline{{\rm Max}}_{\nu}(\mu_{N-\nu}(U_{N-\nu}u_{N})\wedge\mu_{G^{N-\nu+I}}(x_{N-\nu+1}))$ (20)
$x_{N-\nu+1}=f(x_{N-\nu}, u_{N-\nu})$ , $\nu=1,$ $\cdots$ , N. (21)
. , (Bellman and Zadeh
) ,
.
3 Bellman and Zadeh
, ( , )
, Bellman and Zadeh [3,
pp. $B154$] . :
$\mu_{G^{2}}(\sigma_{1})=0.3$ , $\mu_{G^{2}}(\sigma_{2})=1.0$ , $\mu_{G^{2}}(\sigma_{3})=0.8$ (22)
$\mu_{1}(\alpha_{1})=1.0$ , $\mu_{1}(\alpha_{2})=0.6$ (23)




$\mu_{G^{\overline{N}-\nu}}(x_{N-\nu}; \lambda)={\rm Max}\sum_{x_{N-\nu+1}}\mu_{G^{N-\nu+1}}(x_{N-\nu+1}; \lambda\wedge\mu_{N-\nu}(u_{N-\nu}))u_{N-\nu}$
$\cross p(x_{N-\nu+1}|x_{N-\nu}, u_{N-\nu})$ (25)
$\nu=1,2,$ $\cdots,$ $N$
$\mu_{G^{N}}(x_{N};\lambda)=\lambda\wedge\mu_{G^{N}}(x_{N})$ $0\leq\lambda\leq 1$ (26)
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Bellman and Zadeh , .
,
$N=2$ , $\mu_{G^{2}}(\sigma_{1})=0.3$ , $\mu_{G^{2}}(\sigma_{2})=1$ , $\mu_{G^{2}}(\sigma_{3})=0.8$ ,
,
$\mu_{G^{2}}(\sigma_{1}; \lambda)=\lambda\wedge 03$
$\mu_{G^{2}}(\sigma_{2}; \lambda)=\lambda\wedge 1$ (27)
$\mu_{G^{2}}(\sigma_{3}; \lambda)=\lambda\wedge 0.8$
. ,
$\mu_{G^{1}}(x_{1}; \lambda)={\rm Max}_{1}\sum_{x_{2}\in\{\sigma_{1},\sigma_{2},\sigma s\}}\mu_{G^{2}}(x_{2};\lambda\wedge\mu_{1}(u_{1}))p(x_{2}|x_{1}, u_{1})u_{1}\in\{\alpha,\alpha_{2}\}$
(28)
$x_{1}=\sigma_{1}$ ,
$\mu_{G^{1}}(\sigma_{1} ; \lambda)=\{\begin{array}{l}\lambda 0\leq\lambda\leq 0.3\emptyset kg0.9\lambda+0.030.3\leq\lambda\leq 0.6\emptyset\ \text{ }0.570.6\leq\lambda\leq 1\emptyset\ g\end{array}$
$\tilde{\pi}_{1}(\sigma_{1}; \lambda)=\{\begin{array}{l}\alpha_{1},\alpha_{2}0\leq\lambda\leq 0.3\emptyset\ g\alpha_{2}0.3\leq\lambda\leq 0.6\emptyset\ \text{ }\alpha_{2}0.6\leq\lambda\leq 1\emptyset\ g\end{array}$
. $x_{1}=\sigma_{2},$ $x_{1}=\sigma_{3}$ , :
$\mu_{G^{1}}(\sigma_{2};\lambda)=\{\begin{array}{l}\lambda 0\leq\lambda\leq 0.3\text{ }\lambda 0.3\leq\lambda\leq 0.8\text{ }0.1\lambda+0.720.8\leq\lambda\leq 1\text{ }\end{array}$
$\tilde{\pi}_{1}(\sigma_{2};\lambda)=\{\begin{array}{l}\alpha_{1},\alpha_{2}0\leq\lambda\leq 0.3\text{ }\alpha_{1}0.3\leq\lambda\leq 0.8\text{ }\alpha_{1}0.8\leq\lambda\leq 1\text{ }\end{array}$
$\mu_{G^{1}}(\sigma_{3};\lambda)=\{\begin{array}{l}\lambda 0\leq\lambda\leq 0.3\text{ }0.9\lambda+0.30.3\leq\lambda\leq 0.6\text{ }0.570.6\leq\lambda\leq 1\text{ }\end{array}$
$\tilde{\pi}_{1}(\sigma_{3};\lambda)=\{\begin{array}{l}\alpha_{1},\alpha_{2}0\leq\lambda\leq 0.3\text{ }\alpha_{2}0.3\leq\lambda\leq 0.6\text{ }\alpha_{2}0.6\leq\lambda\leq 1\text{ }\end{array}$
$u_{0} \in\{\alpha_{1},\alpha_{2}\}\sum_{x_{1}\in\{\sigma_{1},\sigma_{2)}\sigma_{3}\}}\mu_{G^{1}}(x_{1}; \lambda\wedge\mu_{0}(u_{0}))p(x_{1}|x_{0}, u_{0})$
$\mu_{G^{0}}(x_{0};\lambda)=$ ${\rm Max}$ (29)
,
.
$\mu_{G^{0}}(\sigma_{1};\lambda)=\{\begin{array}{l}\lambda 0\leq\lambda\leq 0.3\text{ }0.99\lambda+0.0030.3\leq\lambda\leq 0.6\text{ }0.9\lambda+0.0570.6\leq\lambda\leq 0.8\text{ }0.09\lambda+0.7050.8\leq\lambda\leq 1\text{ }\end{array}$
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$\tilde{\pi}_{0}(\sigma_{1}; \lambda)=\{\begin{array}{l}\alpha_{1},\alpha_{2}0\leq\lambda\leq 0.3\text{ }\alpha_{2}0.3\leq\lambda\leq 0.6\text{ }\alpha_{2}0.6\leq\lambda\leq 0.8\text{ }\alpha_{2}0.8\underline{<}\lambda\leq 1\text{ }\end{array}$
$\mu_{G^{0}}(\sigma_{2}; \lambda)=\{\begin{array}{l}\lambda 0\leq\lambda\leq 0.3\text{ }0.91\lambda+0.0270.3\leq\lambda\leq 0.6\text{ }0.1\lambda+0.5130.6\leq\lambda\leq 0.7\text{ }0.1\lambda+0.5130.7\leq\lambda\leq 0.8\text{ }0.01\lambda+0.5850.8\leq\lambda\leq 1\text{ }\end{array}$
$\tilde{\pi}_{0}(\sigma_{2};\lambda)=\{\begin{array}{l}\alpha_{1},\alpha_{2}0\leq\lambda\leq 0.3\text{ }\alpha_{1},\alpha_{2}0.3\leq\lambda\leq 0.6\text{ }\alpha_{1},\alpha_{2}0.6\leq\lambda\leq 0.7\text{ }\alpha_{2}0.7\leq\lambda\leq 0.8\text{ }\alpha_{2}0.8\leq\lambda\leq 1\text{ }\end{array}$
$\mu_{G^{0}}(\sigma_{3}; \lambda)=\{\begin{array}{l}\lambda 0\leq\lambda\leq 0.3\emptyset\ g0.91\lambda+0.0270.3\leq\lambda\leq 0.6\emptyset\ g0.1\lambda+0.5130.6\leq\lambda\leq 0.7\emptyset\ g0.5830.7\leq\lambda\leq 1\emptyset kg\end{array}$
$\tilde{\pi}_{0}(\sigma_{3};\lambda)=\{\begin{array}{l}\alpha_{1},\alpha_{2}0\leq\lambda\leq 0.3\emptyset\ g\alpha_{1}0.3\leq\lambda\leq 0.6\emptyset\ g\alpha_{1}0.6\leq\lambda\leq 0.7\emptyset\ g\alpha_{1}0.7\leq\lambda\leq 1\emptyset 4\cdot.g\end{array}$
. , :
Maximize $E$ [ $\mu_{0}(u_{0})$ A $\mu_{1}(u_{1})\wedge\mu_{G^{2}}(x_{2})$ ]
subject to $(i)_{n}x_{n+1}\sim p(\cdot|x_{n}, u_{n})$ $n=0,1$ (30)





$(x_{0}$ ; 1 $)$ ( ) $(x_{0};1)$
$\tilde{\pi}=\{\tilde{\pi}_{0},\tilde{\pi}_{1}\}$ . 1 $\tilde{\pi}$
, . , ,







$u_{0}=\tilde{\pi}_{0}(x_{0}$ ; 1 $)$ , $\mu_{0}=\mu_{0}(u_{0})$ , $p_{0}=p(x_{1}|x_{0}, u_{0})$ , $x_{1}\sim p(\cdot|x_{0}, u_{0})$ , $\lambda_{1}=1\wedge\mu_{0}$
$u_{1}=\tilde{\pi}_{1}(x_{1} ; \lambda_{1})$ , $\mu_{1}=\mu_{1}(u_{1})$ , $p_{1}=p(x_{2}|x_{1}, u_{1})$ , $x_{2}\sim p(\cdot|x_{1}, u_{1})$ , $\lambda_{2}=\lambda_{1}\wedge\mu_{1}$
$\mu_{2}=\mu_{G^{2}}(x_{2})$ , $=\mu 0\wedge\mu_{1}\wedge\mu_{2}$ , $=p_{0}p_{1}$ , $=$ $\cross$
,





$=$ $=p(x_{1}|x_{0}, u_{0})\cross p(x_{2}|x_{1}, u_{1})$
$=$ $=\mu_{0}(u_{0})\wedge\mu_{1}(u_{1})\wedge\mu_{G^{2}}(x_{2})$
$=$ $\cross$ $=$ $\cross$
$=$ , $=$
, , 2 ( )’
.
, 1 1 , $x_{1}=\sigma_{1}$
. ,
( 1) ( 1)
. , Bellman and Zadeh (
)
. ,
1 , . Bellman and Zadeh
, $-Aa$ .
, ( $\lambda$ ) 1
, ,




1: $\sigma_{1}$ ( )
3.2 Bellman and Zadeh
, Bellman and Zadeh [3]
. (8),(9):
$\mu_{G^{N-\nu}}(x_{N-\nu})={\rm Max}[\mu_{N-\nu}(U_{N-\nu}u_{N-\nu})\wedge E\mu_{G^{N-\nu+1}}(\cdot|x_{N-\nu}, u_{N-\nu})]$ (32)
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$E \mu_{G^{N-\nu+1}}(\cdot|x_{N-\nu}, u_{N-\nu})=\sum_{x_{N-\nu+1}}p(x_{N-\nu+1}|x_{N-\nu}, u_{N-\nu})\mu_{G^{N-\nu+1}}(x_{N-\nu+1})$ (33)
. , ,
“ ” :
Maximize [ $\mu_{0}(\pi_{0})\wedge E^{\pi_{0}}[\mu_{1}(\pi_{1})$ A $E^{\pi_{1}}\mu_{G^{2}}(x_{2})]$ ]
subject to $(i)_{n}x_{n+1}\sim p(\cdot|x_{n}, u_{n})$ $n=0,1$ (34)











$x_{0}$ . ( ) , ( 3 )
. , $\pi_{0},$ $\pi_{1}$ 2 2
, :
${\rm Max}_{1}\pi_{0},\pi[\mu_{0}(\pi_{0})\wedge E^{\pi_{0}}[\mu_{1}(\pi_{1})\wedge E^{\pi_{1}}\mu_{G^{2}}(x_{2})]]$
$=$ ${\rm Max}_{0}\pi[\mu_{0}(\pi_{0})\wedge E^{\pi 0}{\rm Max}_{1}\pi[\mu_{1}(\pi_{1})\wedge E^{\pi_{1}}\mu_{G^{2}}(x_{2})]]$ (35)






$\mu_{G^{1}}(\sigma_{1})=0.6$ , $\mu_{G^{1}}(\sigma_{2})=0.82$ , $\mu_{G^{1}}(\sigma_{3})=0.6$ (38)
$\pi_{1}(\sigma_{1})=\alpha_{1}$ , $\pi_{1}(\sigma_{2})=\alpha_{1}$ , $\pi_{1}(\sigma_{3})=\alpha_{2}$ (39)
$\mu_{G^{0}}(\sigma_{1})=0.8$ , $\mu_{G^{0}}(\sigma_{2})=0.62$ , $\mu_{G^{0}}(\sigma_{3})=0.62$ (40)
$\pi_{0}(\sigma_{1})=\alpha_{1}$ , $\pi_{0}(\sigma_{2})=\alpha_{1},$ $\alpha_{2}$ , $\pi_{0}(\sigma_{3})=\alpha_{1}$ (41)
[3, pp.B154-B155]([7, pp.235-240] ). , $\mu_{G^{0}}(x_{0}),$ $\pi_{0}(x_{0})$
:
$\mu_{G^{0}}(\sigma_{1})=0.798$ , $\mu_{G^{0}}.(\sigma_{2})=0.622$ , $\mu_{G^{0}}(\sigma_{3})=0.622$ (42)
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$\pi_{0}(\sigma_{1})=\alpha_{2}$ , $\pi_{0}(\sigma_{2})=\alpha_{1},$ $\alpha_{2}$ , $\pi_{0}(\sigma_{3})=\alpha_{1}$ . (43)
, Bellman and Zadeh ,
.
, (30) (31) Bellman and Zadeh “ ” (34)




${\rm Max}_{0}\pi[\mu_{0}(\pi_{0})\wedge E^{\pi_{0}}{\rm Max}_{1}\pi[\mu_{1}(\pi_{1})\wedge E^{\pi_{1}}\mu_{G^{2}}(x_{2})]]$ . (44)
$/$
4. 1 , $\lambda$
\langle \rangle (30) ( , $=$
) .











[1] Bellman, R.E.: Dynamic Programming, Princeton Univ. Press, NJ, 1957.
[2] Baldwin, J.F. and Pilsworth, B.W.: Dynamic programmng for fuzzy systems with
fuzzy environment, Journal of Mathematical Analysis and Applications, Vol.85 (1982),
1-23.
[3] Bellman, R.E. and Zadeh, L.A.: Decision-making in a fuzzy environment, Management
Science, Vol.17 (1970), B141-B164.
[4] Esogbue, A.O. and Bellman, R.E.: Fuzzy dynamic programming and its extensions,
TIMS/Studies in the Management Sciences, Vol.20 (1984), 147-167.
[5] Iwamoto, S.: Associative dynamic programs, under consideration.
[6] Kacprzyk, J.: Decision-making in a fuzzy environment with fuzzy termination time,
Fuzzy Sets and Systems, Vol.1 (1978), 169-179.
[7] : , , 1988.
[8] : , , 1976.
